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Anotace

Cilem prace je najit priseciky grafii exponencialni a logaritmické funkce o stejném
zéakladu a a popsat funkci zavislosti soufadnic praseciki na hodnoté zékladu a.

Pro nalezeni prisecikli je vyuzivana vlastni aplikace v jazyce C#. Data jsou dale
zpracovana pomoci tabulkového editoru Excel do tabulek a grafu.

Vystupem jsou tabulky soutfadnic priuseCiki. Na zéklad¢ téchto tabulek jsou
vytvofené grafy zavislosti pruseciku na zakladu funkce.

Vyzkum dospél k ptekvapivému zjisténi, které je v rozporu s tim, jak bylo na tyto
funkce doposud nahlizeno.

Klicova slova

exponencialni funkce; logaritmickd funkce; graf funkce; tabulka funkénich hodnot;
prusecik; Eulerovo ¢islo

Annotation

The aim of this work is to find the intersection of graphs of exponential and
logarithmic functions of the same base a and to describe the function of intersection
coordinates dependence on the value of the base a.

The own C # application is used to find the intersection. The data is further processed
into spreadsheets and charts using the Excel spreadsheet editor.

The output are charts of intersection coordinates for bases. Based on these
spreadsheets, graphs of the intersection dependence on the basis of the function are
created.

The research came to a surprising finding, which is against mainstream perspectives
so far.
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exponential function; logarithmic function; graph of function; table of functional
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Uvod

V hodinach matematiky jsme se zabyvali exponencidlni a logaritmickou funkci. Bylo
nam sdé¢leno, Ze tyto funkce maji jeden prisecik, a to pouze pro zédklad od 0 do 1,
nicmén¢ jsme podrobné&ji neprobirali, kde se nachazi. Toto t¢éma mne zajimalo, proto
jsem hledal materily, které by tento priise¢ik blize popsaly. Zadné prace jsem
nenasel. Rozhodl jsem se tedy, zZe se budu tématem zabyvat sam.

Chovanim funkci o zakladu a € (0;1) jsem se zabyval v praci pod nazvem ,,Prisecik
exponencialni a logaritmické funkce pro zaklad od 0 do 1 “, se kterou jsem se
Giastnil soutdze SOC 2018. Pti obhajobé jsem byl ¢lenem komise upozornén na
¢lanek na podobné téma. Tento ¢lanek potvrzoval mé zavery z lonské prace.

Mnou prohledavana oblast zakladl se ukédzala jako nedostacujici, jelikoz funkce maji
prisecik, respektive priiseciky i pro zéklady a > 1.

Cilem této prace je rozsitit svoji stavajici aplikaci v jazyce C# o tyto vyssi zaklady.
Vystupem budou opét textové soubory s vypsanymi hodnotami, které budou
nasledné zpracovany.



Kapitola 1

Priisecik exponencialni a logaritmické funkce pro ziaklad od 0 do 1

1.1 Funkce prisecik

Vzhledem k vlastnostem exponencialni a logaritmické funkce o¢ekdvam, ze prisecik
bude leZet na pfimce y=x a s rostoucim zakladem a jeho hodnota poroste.

Hledany prusecik je Cislo x € R, x € (0, 1) a mélo by spliovat nasledujici podminku:

log,x = a* = «x
1.2 Ziskavani dat

Pro hledani hodnot priiseciku jsem si vytvofil jednoduchou aplikaci. Pro jeji vyvoj
jsem vyuzil programovaci jazyk C# a vyvojové prostiedi Microsoft Visual Studio
2015.

Mulj prvni pokus o hledani priuseciku byl zalozen na porovnavani hodnot
exponencialni a logaritmické funkce pro dany zéklad a hledani bodu, ve kterém
klesne hodnota logaritmu pod hodnotu exponencialni funkce. Vznikla tak metoda
obsluhujici tlacitko s textem ,,po setinach®.

Zakladem metody jsou dva do sebe vnoiené cykly. Vnéjsi cyklus je fizen proménnou
i, ktera méni po jedné hodnoty od 1 do 99. Pti kazdém prichodu cyklem se vypocita

. i ‘v s < . < ¥ .
zéklad a = 700 Ve vnitinim cyklu se proménna x, kterd zac¢ind na hodnoté a, dale

zvétduje po 1078, Cyklus probiha, dokud je hodnota a* mensi, nez hodnota logux.
Nalezené x je tedy nejmensi Cislo z intervalu (a, 1), pro které je hodnota a* vétsi nebo
rovna log.x. Interval (a; 1) je pro hledani dostacujici, protoze log.a=1 zatimco a*<1I.

Vystupem metody je textovy soubor sndzvem vystup sto.txt. V souboru je po
fadcich zapsano 99 ¢isel. Tato ¢isla jsou hledané x pro zéklady od 0,01 do 0,99.

Po zpracovani ziskanych hodnot v tabulkovém editoru Excel jsem zjistil pirekvapivé
vysledky pro zaklad @ mensi nez pfiblizné€ 0,07. Proto jsem se zaméfil na zéklady a
po tisicinach od 0,001 do 0,1 a na zaklady od 0,06 do 0,07 po desetitisicinach.
Vytvoftil jsem tedy tlacitka s textem ,,po tisicinach® a ,,detail”. Ob¢ metody funguji
pomoci stejného algoritmu, tedy hledanim bodu x, ve kterém logaritmicka kiivka
klesne pod exponencidlni. Metoda ,,detail* navic ma o jedno desetinné misto vétsi
piesnost, protoZe x se v cyklu méni o 107,

Vystupem tlacitka ,,po tisicinach* je textovy soubor vystup tisic.txt. V souboru je po
fadcich zapsano 100 ¢isel. Tato Cisla jsou hledana x pro zaklady od 0,001 do 0,1 po



jedné tisicing. V souboru vystup detail.txt je také sto Cisel. Hledana x jsou pro
zéklady od 0,06 do 0,07 po jedné desetitisicing.

Vzhledem k vySe zminénym zvlastnim hodnotadm pro malé zaklady jsem zvolil jesté
jiny zpusob hledani pruseciku. Hledal jsem prusecik funkce y = a* s funkciy = x a
zvlast’ prisecik funkce y = log, x s funkci y = x. Algoritmus je téméf stejny. Lisi se
jen podminkou opakovani vnitiniho cyklu, kterd je x < a*, respektive x < log, x

Priseciky jsem hledal pomoci ¢ty metod, jejichz tlaCitka jsou v pravém sloupci
v okné aplikace. Hledal jsem jak po setinach pro a od 0,01 do 0,99, tak po tisicinach
od 0,001 do 0,1. Vystupem jsou soubory vystup Exp sto.txt (exponencialni po
setinach), vystup exp.txt (exponencidlni po tisicinach), vystup LOG sto.txt
(logaritmicka po setinach), vystup log.txt (logaritmicka po tisicinach).

Hodnoty ze vSech vytvofenych textovych souborii jsem zkopiroval do tabulkového
editoru v Excel, kde jsem je dale zpracoval. Tabulky jsou pfiloZzeny jako ptilohy
prace.

ol priseéik - O >
po setinach exp po setindch
log po setindch
po tisicinach
exp po tisicindch
detail log po tisicinach

Obr. 6: uzivatelské prostiedi aplikace



Kapitola 2

Zpracovani dat

V této kapitole je popsano, jak byla ziskana a zpracovana data, ktera jsou zkouméana

a ¢im jsou zajimava.

2.1 Zvlastni chovani

a X log.x a*

0,01 0,01309253 0,941488211 0,941488327
0,02 0,03146157 0,884194309 0,884194352
0,03 0,05613297 0,821327359 0,821327365
0,04  0,08960085 0,749451238 0,749451248
0,05 0,1373594 0,662660829 0,662660830
0,06 0,21689807 0,543229522 0,543229523
0,07 0,37192833 0,371928315 0,371928315
0,08 0,38151534 0,381515339 0,381515339
0,09  0,39050495 0,390504931 0,390504932
0,10  0,39901298 0,399012976 0,399012977
0,11  0,40712462 0,407124615 0,407124615
0,12 0,41490451 0,414904500 0,414904501

Tab. 1: Cast zpracovanych dat

Hodnoty sloupce ,,x* jsou vygenerované aplikaci, tzn., jsou zkopirované ze souboru
vystup_sto.txt. Mlzeme si povSimnout, ze pfiblizn¢ do hodnoty a=0,07 jsou rozdily
mezi ziskanym x a funkénimi hodnotami log, x a a*. Nespliuji tedy podminku,
definovanou v kap. 1.1, ze: log, x = a* = x. Vyssi zaklady tuto rovnici spliuji,
tzn., ze se vSechny hodnoty témét shoduji.

Ze zpracované tabulky jsem vytvoril grafy zavislosti hledaného x na zékladu a a
zavislosti funk¢nich hodnot na zakladu a.

Cela tabulka a vSechny grafy jsou v souboru tabulky pro a do 0,99 po setindch.xlsx
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Obr. 7: hledané x pro a € {0,01;0,99}; na vodorovné ose grafu jsou zaklady a, na
svislé ose jsou hodnoty hledaného x
1,2
1
0,8 \
0,6
0,4 | >
0,2
0 4
TENTOOONWLOTTITNTNOOONOOTINNMNMOOOANLWO ~— N
OOO ST NNNNONNSIITOLVYHOOYISNNNO R XD
[N e Ne] OO O0OOOOOOO OO O0OOOOOOO OCOO0OOO0OOOOO0O

Obr. 8: Funk¢ni hodnoty x pro a € {0,01;0,99}; na vodorovné ose grafu jsou
zaklady a, na svislé ose jsou funkéni hodnoty
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Obr. 9: Oba grafy slouc¢ené do jednoho

Cela tabulka a vSechny vySe uvedené grafy jsou v souboru tabulky pro a do 0,99 po
setinach.xlsx

Z grafu je vidét, ze piiblizné od a=0,07 kiivky splynou.

Abych se ujistil, ze zvlastni chovani praseciku pro a<0,07 neni zptisobené chybnou
interpretaci malych ¢isel pti vypoctech v aplikaci, rozsifil jsem aplikaci o vypocet
pro zéklady od 0,001 do 0,1 po tisicindch. Vygenerovany graf je velmi podobny obr.
8, ale detailné&ji zobrazuje oblast hledaného ¢isla.

11



1,2

0,8

0,6

0,4

0,2

Obr. 10: Grafy hledaného x a funkénich hodnot x pro a € (0,001; 0,1), sloucené do
jednoho

Zpracovana data jsou v souboru tabulky pro a do 0,1 po tisicinach.xlsx

2.2 Jiny zpisob hledani priseciku

Rozhodl jsem se pro vyzkum jinym zplsobem. Porovnaval jsem hodnoty kazdé
funkce (exponencialni a logaritmické) zvlast s funkci y=x, tedy tak, aby byly
splnény podminky.

log,x =x;a =x*

V nasledujicich tabulkdch je mozné vidét, ze 1 pro zéklady a<0,07 se hodnoty
nalezené pro logaritmickou i exponencidlni funkci shoduji a zdroven spliuji
podminku definovanou v kap. 1.1, ;.

x =a* =log, x

12



a X loga x

0,01 0,27798743 0,277987421
0,02 0,30420452 0,30420451
0,03 0,32261916 0,322619148
0,04 0,33747076 0,337470741
0,05 0,35022486 0,350224846
0,06 0,36157981 0,361579801
0,07 0,37192833 0,371928315
0,08 0,38151534 0,381515339
0,09 0,39050495 0,390504931
0,10 0,39901298 0,399012976
0,11 0,40712462 0,407124615
0,12 0,41490451 0,4149045

Tab. 2: Porovnavani x s hodnotami funkce log, x

a X a*

0,01 0,27798743 0,277987418
0,02 0,30420452 0,304204508
0,03 0,32261916 0,322619147
0,04 0,33747076 0,337470739
0,05 0,35022486 0,350224845
0,06 0,36157981 0,361579801
0,07 0,37192833 0,371928315
0,08 0,38151534 0,381515339
0,09  0,39050495 0,390504932
0,1 0,39901298 0,399012977
0,11 0,40712462 0,407124615
0,12 0,41490451 0,414904501

Tab. 3: Porovnavani x s hodnotami funkce a*

Kompletni tabulky a grafy jsou v souborech porovnavani s x po setinach.xlsx a
porovnavani s x po tisicinach.xlsx.

Vysledky mtizeme zobrazit v ndsledujicim grafu. Data jsou ¢erpana z hodnot
logaritmické funkce, nicméné hodnoty jsou totozné s hodnotami exponencialni
funkce. Grafy by tedy vypadaly stejn¢.
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Obr. 11: Hledané x, které splnuje podminku; na vodorovné ose grafu jsou zaklady
a, na svislé ose jsou hodnoty hledaného x

2.3 Grafy funkci pro malé zaklady

Vzhledem k hodnotdm z ptedchozich pozorovani mé napadlo hledat feSeni rovnice
log, x = a* pomoci nastroje Wolfram Alpha.

Wolfram Alpha je odpovidaci stroj, vytvofeny firmou Wolfram Research. Jde o
sluzbu, ktera se snazi pfimo odpovidat na dotazy wuzivatele, na rozdil od
vyhleddvacich sluzeb, které poskytnou pouze seznam stranek, pravdépodobné
obsahujicich odpovéd’. Wolfram Alpha je vytvotfen na zéklad¢ vypocetniho softwaru
Mathematica, ktery je vyuzivan pro feSeni algebraickych uloh, numerickych a
statistickych vypoctl, ale 1 vizualizaci vysledkt. Odpovéd’ na dotaz se zobrazi v
&lovéku Citelné a piehledné formé. Casto je piilozen i postup vedouci k vysledku. [!]

Hledal jsem feseni vySe zminéné rovnice pro zdklady a=0,02; 0,05; 0,07. Zjistil
jsem, ze pro zaklady a=0,02; 0,05 jsou priseCiky exponencialni a logaritmické
funkce 3. Pro zaklad a=0,07 je prisecik pouze 1.

Nasledujici grafy znazoriuji zminéné vysledky a potvrzuji toto tvrzeni.
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Obr. 12: Graf funkci log 0,02 x; 0,02*. Modra kiivka je pro logaritmickou funkci,
fialova kiivka je pro exponencialni funkci.
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Obr. 13: Graf funkci log 0,05 x, 0,05*. Modr4 kiivka je pro logaritmickou funkci,
fialova kiivka je pro exponencialni funkei.
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Obr. 14: Graf funkci log 0,07 x,; 0,07%. Modra kiivka je pro logaritmickou funkci,
fialova kiivka je pro exponencialni funkci.

Pro srovnani jsem podobné grafy vytvoril také v tabulkovém editoru Excel.
Vysledky jsou v souboru grafy malych zakladui.xlsx
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2.4 Bod zlomu

Moje podezieni, ze pro zaklady mensSi, nez jist¢é Cislo maji exponencidlni
a logaritmicka funkce tfi pruseciky, se potvrdilo. Ted” uz jen zbyvalo najit co
nejpresnéji hodnotu zékladu, od které je prisecik jen jeden. Toto ¢islo jsem si nazval
,,bod zlomu*“.

Z dat ziskanych pro zaklady po setinach vyplynulo cislo 0,07. Po prozkoumani
intervalu <0,001; 0,1> po tisicinach se hodnota uptesnila na 0,066. Pro jesté presnécjsi
detekcei ,,bodu zlomu* jsem do aplikace ptidal zkoumani detailu, tedy oblasti mezi
hodnotami zakladu 0,06 a 0,07, a to po desetitisicinach.

a

X

logax

aX

0,0654

0,317535736

0,420633259

0,420633259

0,0655

0,321911098

0,415848306

0,415848306

0,0656

0,326787474

0,410562231

0,410562231

0,0657

0,332375867

0,404564028

0,404564028

0,0658

0,339097535

0,397432441

0,397432441

0,0659

0,348099381

0,388020565

0,388020565

0,066

0,36789171

0,367891709

0,367891709

0,0661

0,367994203

0,367994202

0,367994202

0,0662

0,368096613

0,368096612

0,368096612

0,0663

0,368198939

0,368198938

0,368198938

0,0664

0,368301182

0,368301181

0,368301181

Tab. 4: Cast tabulky hodnot funkci detailu

Kompletni tabulka je v souboru detail pro a od 0,06 do 0,07 xlsx

Z vySe uvedené tabulky vyplyva, ze hledany zaklad je ptiblizn¢ 0,0659 Pro zaklad
a=0,066 se x a funkéni hodnota obou funkci shoduji. Hledané x je pfiblizné
0,36789171.

Vzhledem k tomu, Ze pro exponencialni a logaritmickou funkci ma zvlastni vyznam
Eulerovo cislo, tedy ciselna konstanta oznacovana pismenem e, napadlo m¢ hledat
souvislost mezi e a zjisténymi hodnotami. Odhalit, ze hledané x a funk¢ni hodnoty

obou funkci by se mohly rovnat é, nebylo tézké. Se zkoumanim zakladu to uz tak

snadné nebylo. Metodou pokus — omyl jsem dosel k ¢islu e—le, respektive e €.

Z vypodtu (e‘e)% =el= é vyplyva, Zze musi platit i loge—eé = é
Ptibliznad hodnota vyse uvedenych ¢isel podle Wolfram Alpha:
= =0,36787944
e™ ¢ = 0,06598803
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Kapitola 3

Prisecik exponencialni a logaritmické funkce pro zaklad vétsi nez 1

Béhem krajského kola lonské soutéze jsem byl clenem poroty upozornén na
dostupny ¢lanek, ,,On intersections of the exponential and logarithmic curves*'* na
podobné téma. Clanek jsem si piecetl a jeho zavéry porovnal s mymi. Jeho plné
znéni uvadim v ptiloze 5.

3.1 Porovnani tvrzeni

Muyj zavér, ze funkce maji pro zéklad a < é tf1 praseciky plné korespondovalo
s tvrzenim uvedeném v ¢lanku. M1j druhy zavér, ze od tohoto zakladu vcetné do
jedné je prusecik jen jeden, se shoduje pouze Castecné. Tvrzeni v ¢lanku ho
nevyvraci, pouze dopliuje.
Pti hledéani priseciku pro zaklad od 0 do 1 jsem necekal, Ze zjistim néco jiného, nez
jsem piedpokladal. Az ,,divné* vysledky mé piivedly ke zjisténi, Ze priseciky mohou
byt 1 tfi. Autofi ¢lanku naopak tusi, ze jsou zaklady, pro které je prisecikti vice. Jako
piiklad uvadgji zaklad a = —.

1 1

1 1 1\2 1 1 1 1 1
l0g1—=— => (—)Zz— l0g1—=— => (—)4=_
Te 4 2 16 4 16 2 4 16 2

; 1 ;s o v 1.1 11 . vr v
Tim proa = = vychézeji dva priseciky >alalz3) které nelezi na piimce y = x.

V ¢lanku se déle tvrdi, ze pro zaklady od 1 do pfiblizné 1,44 jsou pruseciky dva.
Pouzil jsem Wolfram Alpha pro vykresleni grafii funkciy = 1,3* ay = log; 3 x

Obr. 15: Graf funkci log 1 3x, 1,3*. Modra kiivka je pro exponencialni funkci,
fialova kiivka je pro logaritmickou funkci.
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3.2 Novy vyzkum

Zjisténymi fakty jsem byl pfijemné prekvapen, podobné jako pti zjiSténi pii loniském
vyzkumu, ktery se nicmén¢ ukazal jako nedostacujici, zejména pak v rozsahu
zkoumané oblasti zakladl. Rozhodl jsem se rozsifit aplikaci o tlacitka, ktera budou
zkoumat priiseCiky pro zaklady a € (1, z), pficemz Cislo z je v podstaté 2. bod zlomu,
ktery bude dale ptiblizen.

3.3 Ziskavani dat

0O<a<1

anaX?=Xcelé

logaritmus ?= X celé

anaX?=X

po tisicinach
logaritmus ?= X
detail
a>1
po setinach detail

Obr. 16: Uzivatelské prostiedi nové verze aplikace

Stavajici aplikaci jsem rozsifil o dvé nova tlacitka v sekci ,,a>1%, nicméné zptisob
vypoctl a zapis zdrojového kodu zistal bez vétSich zmén, pouze je porovnavana
funkce a* s hodnotou x, tedy a*=x. Tlacitko ,,po setinach* porovnava hodnoty funkce
pro zéklady a €(1,01; 1,44) a tlacitko ,,detail* porovnava hodnoty pro zaklady a €
(1,4401; 1,4450). Vystupem jsou opét textové soubory. Za ucelem piehledu o stavu
vypoctil bylo ptidano textové pole, do kterého aplikace vypisuje, se kterym zakladem
momentalné pracuje. Vypocet jedné metody trva piiblizné 10-15 minut, zavisle na
hardwaru.

Oproti loiiskému roku byla aplikace tvofena se zamérem a se znalosti zajimavé
oblasti, zpracovavani dat tedy bylo podstatné jednodussi.
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3.4 Ziskana data

a X1 aY X2 a%

1,4401 2,39696266 2,39696266  3,11840946 3,118409461
1,4402 2,40015511 2,400155109 3,11347158 3,113471581
1,4403 2,40339052 2,403390519 3,10849165 3,108491651
1,4404 2,40667039 2,406670389 3,10346816 3,10346816
1,4405 2,40999633 2,40999633  3,09839952 3,098399521
1,4406 2,41337003 2,41337003  3,09328403 3,093284031
1,4407 2,41679330 2,416793299 3,08811988 3,08811988
1,4408 2,42026803 2,42026803  3,08290517 3,082905171
1,4409 2,42379628 2,42379628  3,07763785 3,07763785
1,4410 2,42738022 2,42738022  3,07231576 3,072315761

Tab. 5: Cast novych dat, metoda ,,po setinach*

a X1 aY X2 a%

1,4401 2,39696266 2,39696266 3,11840946 3,118409461
1,4402 2,40015511 2,400155109 3,11347158 3,113471581
1,4403 2,40339052 2,403390519 3,10849165 3,108491651
1,4404 2,40667039 2,406670389 3,10346816 3,10346816
1,4405 2,40999633  2,40999633  3,09839952 3,098399521
1,4406 2,41337003 2,41337003  3,09328403 3,093284031
1,4407 2,41679330 2,416793299 3,08811988  3,08811988
1,4408 2,42026803 2,42026803 3,08290517 3,082905171
1,4409 2,42379628 2,42379628 3,07763785 3,07763785
1,4410 2,42738022 2,42738022 3,07231576 3,072315761

Tab. 6: Cast novych dat, metoda ,,detail*
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e Prisecik 1 = Prisecik 2

Obr. 17: Graf hledanych x pro zaklady a € (1,01, 1,44); na vodorovné ose grafu
jsou zaklady a, na svislé ose jsou hodnoty hledaného x

/

1,01 105 109 113 117 121 125 129 133 137 141

==Prisecik 1 =—=Prisecik 2

Obr. 18: Detail grafu vySe; na vodorovné ose grafu jsou zaklady a, na svislé ose
jsou hodnoty hledaného x
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3,20
3,10
3,00
2,90
2,80
2,70
2,60
2,50
2,40

2,30
1,4401 1,4407 14413 14419 14425 14431 1,4437 14443

== Prisecik 1 Prisecik 2

Obr. 19: Graf hledanych x pro zaklady a €(1,4401; 1,4450); na vodorovné ose
grafu jsou zaklady a, na svislé ose jsou hodnoty hledaného x

3.5 Zavislost zakladu na pruseciku

Pti porovnani obou bodti zlomu jsem dospél ke zjisténi, ze se jedna o funkcni

hodnoty funkce y = 3/x pro x = éu l.boduax = e u 2. bodu.

Jestlize a = Vx , pak a* = (’{/E)x = x.

Z tohoto vztahu vyplyva, ze pro x, ktera spliiuji podminku a* = log,x = x, musi

byt zaklad a = Vx . A mnou vytvoiené kiivky zavislosti x na a musi byt inverzni ke

grafu funkce y = Vx.
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a X J{/}

0,01 0,277987 0,01
0,02 0,304205 0,02
0,03 0,322619 0,03
0,04 0,337471 0,04
0,05 0,350225 0,05
0,06 036158 0,06
0,07 0,371928 0,07
0,08 0,381515 0,08
0,09 0,390505 0,09

0,1 0399013 0,1

Tab. 7: Dikaz, 7¢ a = 3/x, pro zaklady mensi nez 1

a % 2%

1,01 1,010102 1,01 651,1003 1,01
1,02 1,020412 1,02 2855363 1,02
1,03 1,030943 1,03 174,6642 1,03
1,04 1,041702 1,04 122,6151 1,04
1,05 1,052703 1,05 92,87153 1,05
1,06 1,063958 1,06 73,82489 1,06
1,07 1,075478 1,07 60,68171 1,07
1,08 1,087279 1,08 51,11873 1,08
1,09 1,099375 1,09 43,87971 1,09
1,1 1,111782 1,1 3822873 1,1

Tab. 7: Dikaz, 7e a = V/x, pro zaklady vétsi nez 1



Pro bliz§i prozkoumani vlastnosti funkce y = V/x jsem opét vyuzil Wolfram Alpha.

Zjistil jsem, Ze funkce y = 3/x je pro x € (0, e) rostouci a pro x € (e,o0) klesajici.

V bodé e nabyva maxima a lim Vx =1
n—oo

Obr. 15: Graf funkci y = 3/x; y = {/e. Modra kiivka je pro y = 3/x, fialova
kfivka je pro y=1, zlut4 kiivka je proy = Ve .
Pro podet priise¢ikii splitujicich rovnici a* = log, x = x z vlastnosti funkce y = 3/x
vyplyva, ze zaklad a € (0, 1) vznikne pouze jeden pro x € (0, 1), ale zdklad a €
(1, ¥/e) vznikne dvakrat. Jednou pro x < e a podruhé pro x > e.



Kapitola 4
Shrnuti vysledki

Ve vyse uvedeném ¢lanku je vyslovena a nasledné dokézana véta:
Rovnice a* = log, x

nema feSeni pro a € (%; )

ma pravé jedno feSeni pro a € (e7%; 1) U {Ve}

ma pravé dvé feseni pro a € (1; Ve)

ma praveé tii feSeni pro a € (0; e™°)
Muj vyzkum tuto vétu potvrdil a doplnil o vygenerovana data.

Vsechna ziskana data jsem spolecné zpracoval v tabulce shrnuti vysledkii.xlsx. a

prusecik.xlsx. Z téchto souborti jsem zpracoval tabulky prasecikt do ptiloh 1,2 a 3.

Grafy soufadnic priseciki pro zaklady vétsi nez 1 jsou v kapitole 3.4.
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0
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Prusecik 1 Prasec¢ik 2 ———Pruseéik 3

Obr. 21: Graf priseciku pro zaklady od 0,01 do 0,99 po setinach

24



1,2

0,8

0,6

0,4

0,2

1600
€60°0
680°0
G800
1800
1100
€200
690°0
G900
190°0
1500
€600
6¥0°0
G¥0'0
L¥0°0
L€0°0
€€0°0
620°0
G200
1200
L10°0
€100
600°0
G000
L00°0

Usedik 3

Pr

Usedik 2

Pr

Priasedik 1

ach

r

icin

iku pro zaklady od 0,001 do 0,1 po tis

w

o

TuUScC

Obr. 22: Graf p
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Cilem préce bylo hledat pruseciky grafti exponencidlni a logaritmické funkce o stejném
zakladu a a popsat funkci zavislosti souradnic priiseciku na hodnoté zékladu a.

Vzhledem k piekvapivym zavérim vyzkumu a potieb¢ uptesnéni vysledka bylo nutné
puvodni aplikaci rozsitit. Ziskana data jsem zpracoval v tabulkovém editoru Excel.

Vyzkum dospél k ptekvapivému zjisténi, které je v rozporu s tim, jak bylo na tyto
funkce doposud nahlizeno. Tento omezeny pohled na vztah mezi exponencialni a
logaritmickou funkci je zplisoben tim, Ze pii zkoumani téchto funkci se obvykle

) v ) . 1
omezujeme na ,.hezké* zaklady, jako napt. 2, > nebo e.

Potésilo mne, Ze jsem mohl opét otevrit téma, které jsem, vzhledem k zadveérim
lonské prace, povazoval za uzaviené. Upozornéni na vyse uvedeny ¢lanek mi
ukdzalo novy smér vyzkumu.
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Priloha 1

Tabulka priisecikt pro zaklady od 0,01 do 0,99 po setinach

Prusecik 1

Priusecik 2

Prusecik 3

X

y

X

y

X

y

0,01

0,01309253

0,941488327

0,27798743

0,27798743

0,941488327

0,013092523

0,02

0,03146157

0,884194352

0,30420452

0,30420452

0,884194352

0,031461565

0,03

0,05613297

0,821327365

0,32261916

0,32261916

0,821327365

0,056132969

0,04

0,08960085

0,749451248

0,33747076

0,33747076

0,749451248

0,089600847

0,05

0,1373594

0,66266083

0,35022486

0,35022486

0,66266083

0,137359399

0,06

0,21689807

0,543229523

0,36157981

0,36157981

0,543229523

0,21689807

0,07

0,37192833

0,371928315

0,37192833

0,37192833

0,371928315

0,37192833

0,08

0,38151534

0,381515339

0,38151534

0,38151534

0,381515339

0,38151534

0,09

0,39050495

0,390504932

0,39050495

0,39050495

0,390504932

0,390504949

0,1

0,39901298

0,399012977

0,39901298

0,39901298

0,399012977

0,39901298

0,11

0,40712462

0,407124615

0,40712462

0,40712462

0,407124615

0,40712462

0,12

0,41490451

0,414904501

0,41490451

0,41490451

0,414904501

0,414904509

0,13

0,42240302

0,422403002

0,42240302

0,42240302

0,422403002

0,422403018

0,14

0,42966025

0,429660232

0,42966025

0,42966025

0,429660232

0,429660247

0,15

0,43670873

0,436708716

0,43670873

0,43670873

0,436708716

0,436708728

0,16

0,44357526

0,443575259

0,44357526

0,44357526

0,443575259

0,44357526

0,17

0,45028224

0,450282239

0,45028224

0,45028224

0,450282239

0,45028224

0,18

0,4568486

0,456848588

0,4568486

0,4568486

0,456848588

0,456848597

0,19

0,46329051

0,463290493

0,46329051

0,46329051

0,463290493

0,463290506

0,2

0,46962193

0,469621918

0,46962193

0,46962193

0,469621918

0,469621927

0,21

0,47585502

0,475855013

0,47585502

0,47585502

0,475855013

0,475855018

0,22

0,48200045

0,482000442

0,48200045

0,48200045

0,482000442

0,482000448

0,23

0,48806764

0,488067637

0,48806764

0,48806764

0,488067637

0,488067639

0,24

0,49406499

0,494064982

0,49406499

0,49406499

0,494064982

0,494064988

0,25

0,5

0,5

0,5

0,5

0,5

0,5

0,26

0,50587946

0,505879445

0,50587946

0,50587946

0,505879445

0,505879455

0,27

0,51170947

0,511709469

0,51170947

0,51170947

0,511709469

0,51170947

0,28

0,51749564

0,517495636

0,51749564

0,51749564

0,517495636

0,517495639

0,29

0,52324307

0,523243061

0,52324307

0,52324307

0,523243061

0,523243067

0,3

0,52895645

0,528956447

0,52895645

0,52895645

0,528956447

0,528956449

0,31

0,53464013

0,534640125

0,53464013

0,53464013

0,534640125

0,534640128

0,32

0,54029813

0,540298123

0,54029813

0,54029813

0,540298123

0,540298127

0,33

0,5459342

0,545934189

0,5459342

0,5459342

0,545934189

0,545934196

0,34

0,55155184

0,551551836

0,55155184

0,55155184

0,551551836

0,551551838

0,35

0,55715436

0,557154347

0,55715436

0,55715436

0,557154347

0,557154354

0,36

0,56274485

0,562744835

0,56274485

0,56274485

0,562744835

0,562744843

0,37

0,56832625

0,568326236

0,56832625

0,56832625

0,568326236

0,568326244

0,38

0,57390135

0,57390134

0,57390135

0,57390135

0,57390134

0,573901346

0,39

0,57947281

0,579472805

0,57947281

0,57947281

0,579472805

0,579472808

0,4

0,58504318

0,585043168

0,58504318

0,58504318

0,585043168

0,585043174
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0,41

0,59061488

0,590614879

0,59061488

0,59061488

0,590614879

0,59061488

0,42

0,59619028

0,596190277

0,59619028

0,59619028

0,596190277

0,596190278

0,43

0,60177164

0,601771633

0,60177164

0,60177164

0,601771633

0,601771636

0,44

0,60736115

0,607361148

0,60736115

0,60736115

0,607361148

0,607361149

0,45

0,61296096

0,612960953

0,61296096

0,61296096

0,612960953

0,612960956

0,46

0,61857314

0,618573133

0,61857314

0,61857314

0,618573133

0,618573136

0,47

0,62419973

0,624199723

0,62419973

0,62419973

0,624199723

0,624199726

0,48

0,62984272

0,62984272

0,62984272

0,62984272

0,62984272

0,62984272

0,49

0,63550409

0,635504078

0,63550409

0,63550409

0,635504078

0,635504083

0,5

0,64118575

0,641185742

0,64118575

0,64118575

0,641185742

0,641185746

0,51

0,64688962

0,64688962

0,64688962

0,64688962

0,64688962

0,64688962

0,52

0,65261761

0,652617599

0,65261761

0,65261761

0,652617599

0,652617603

0,53

0,65837158

0,65837157

0,65837158

0,65837158

0,65837157

0,658371574

0,54

0,66415341

0,664153404

0,66415341

0,66415341

0,664153404

0,664153407

0,55

0,66996498

0,669964968

0,66996498

0,66996498

0,669964968

0,669964973

0,56

0,67580815

0,675808137

0,67580815

0,67580815

0,675808137

0,675808142

0,57

0,68168479

0,681684787

0,68168479

0,68168479

0,681684787

0,681684788

0,58

0,6875968

0,687596798

0,6875968

0,6875968

0,687596798

0,687596799

0,59

0,69354607

0,693546067

0,69354607

0,69354607

0,693546067

0,693546068

0,6

0,69953451

0,699534509

0,69953451

0,69953451

0,699534509

0,699534509

0,61

0,70556406

0,705564054

0,70556406

0,70556406

0,705564054

0,705564056

0,62

0,71163667

0,711636661

0,71163667

0,71163667

0,711636661

0,711636664

0,63

0,71775432

0,717754316

0,71775432

0,71775432

0,717754316

0,717754317

0,64

0,72391904

0,723919029

0,72391904

0,72391904

0,723919029

0,723919033

0,65

0,73013286

0,730132859

0,73013286

0,73013286

0,730132859

0,730132859

0,66

0,73639789

0,736397889

0,73639789

0,73639789

0,736397889

0,736397889

0,67

0,74271626

0,742716253

0,74271626

0,74271626

0,742716253

0,742716255

0,68

0,74909014

0,749090135

0,74909014

0,74909014

0,749090135

0,749090137

0,69

0,75552177

0,755521765

0,75552177

0,75552177

0,755521765

0,755521766

0,7

0,76201344

0,762013428

0,76201344

0,76201344

0,762013428

0,762013431

0,71

0,76856748

0,768567479

0,76856748

0,76856748

0,768567479

0,768567479

0,72

0,77518633

0,775186323

0,77518633

0,77518633

0,775186323

0,775186325

0,73

0,78187245

0,781872448

0,78187245

0,78187245

0,781872448

0,781872449

0,74

0,78862842

0,788628409

0,78862842

0,78862842

0,788628409

0,788628412

0,75

0,79545686

0,795456848

0,79545686

0,79545686

0,795456848

0,795456851

0,76

0,8023605

0,802360489

0,8023605

0,8023605

0,802360489

0,802360491

0,77

0,80934216

0,809342149

0,80934216

0,80934216

0,809342149

0,809342152

0,78

0,81640475

0,816404747

0,81640475

0,81640475

0,816404747

0,816404747

0,79

0,82355131

0,8235513

0,82355131

0,82355131

0,8235513

0,823551302

0,8

0,83078495

0,830784948

0,83078495

0,83078495

0,830784948

0,830784949

0,81

0,83810895

0,838108944

0,83810895

0,83810895

0,838108944

0,838108945

0,82

0,84552668

0,845526674

0,84552668

0,84552668

0,845526674

0,845526675

0,83

0,85304167

0,853041659

0,85304167

0,85304167

0,853041659

0,853041661

0,84

0,86065758

0,860657571

0,86065758

0,86065758

0,860657571

0,860657573

0,85

0,86837824

0,868378237

0,86837824

0,86837824

0,868378237

0,868378238
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0,86

0,87620766

0,876207651

0,87620766

0,87620766

0,876207651

0,876207652

0,87

0,88415

0,884149992

0,88415

0,88415

0,884149992

0,884149993

0,88

0,89220963

0,892209628

0,89220963

0,89220963

0,892209628

0,892209628

0,89

0,90039114

0,900391135

0,90039114

0,90039114

0,900391135

0,900391135

0,9

0,90869932

0,908699312

0,90869932

0,90869932

0,908699312

0,908699313

0,91

0,9171392

0,917139198

0,9171392

0,9171392

0,917139198

0,917139198

0,92

0,92571609

0,925716083

0,92571609

0,92571609

0,925716083

0,925716084

0,93

0,93443554

0,934435538

0,93443554

0,93443554

0,934435538

0,934435538

0,94

0,94330343

0,943303427

0,94330343

0,94330343

0,943303427

0,943303427

0,95

0,95232594

0,952325934

0,95232594

0,95232594

0,952325934

0,952325935

0,96

0,9615096

0,96150959

0,9615096

0,9615096

0,96150959

0,961509591

0,97

0,9708613

0,970861298

0,9708613

0,9708613

0,970861298

0,970861298

0,98

0,98038837

0,980388361

0,98038837

0,98038837

0,980388361

0,980388361

0,99

0,99009853

0,990098523

0,99009853

0,99009853

0,990098523

0,990098523

Priloha 2

Tabulka priisecikt pro zaklady od 0,001 do 0,01 po tisicinach

Prisecik 1

Prasecik 2

Pruasecik 3

X

y

X

y

X

y

0,001

0,00105126

0,992764457

0,21951316

0,21951316

0,992764457

0,001051252

0,002

0,00217395

0,986580607

0,23382992

0,23382992

0,986580607

0,002173945

0,003

0,00335607

0,980692925

0,24330964

0,24330964

0,980692925

0,003356067

0,004

0,00459314

0,974958042

0,25062304

0,25062304

0,974958042

0,004593134

0,005

0,00588281

0,969311751

0,25667489

0,25667489

0,969311751

0,005882807

0,006

0,00722379

0,963717691

0,26189029

0,26189029

0,963717691

0,007223789

0,007

0,0086154

0,958152545

0,26650566

0,26650566

0,958152545

0,008615395

0,008

0,01005734

0,952600188

0,2706671

0,2706671

0,952600188

0,01005734

0,009

0,01154964

0,947048537

0,27447168

0,27447168

0,947048537

0,011549638

0,01

0,01309253

0,941488327

0,27798743

0,27798743

0,941488327

0,013092523

0,011

0,01468641

0,93591216

0,28126404

0,28126404

0,93591216

0,014686408

0,012

0,01633187

0,930313746

0,28433897

0,28433897

0,930313746

0,01633187

0,013

0,01802962

0,924687774

0,28724123

0,28724123

0,924687774

0,018029616

0,014

0,01978048

0,919029649

0,28999378

0,28999378

0,919029649

0,019780474

0,015

0,02158539

0,913335248

0,29261511

0,29261511

0,913335248

0,021585388

0,016

0,02344542

0,907600735

0,29512039

0,29512039

0,907600735

0,023445418

0,017

0,02536173

0,901822618

0,29752217

0,29752217

0,901822618

0,025361726

0,018

0,02733559

0,895997596

0,29983103

0,29983103

0,895997596

0,027335584

0,019

0,02936837

0,890122541

0,30205592

0,30205592

0,890122541

0,029368366

0,02

0,03146157

0,884194352

0,30420452

0,30420452

0,884194352

0,031461565

0,021

0,03361678

0,878210075

0,30628346

0,30628346

0,878210075

0,033616778

0,022

0,03583573

0,872166712

0,3082985

0,3082985

0,872166712

0,035835729

0,023

0,03812027

0,86606128

0,3102547

0,3102547

0,86606128

0,038120265

0,024

0,04047235

0,859890879

0,31215651

0,31215651

0,859890879

0,04047235
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0,025

0,04289411

0,853652394

0,31400788

0,31400788

0,853652394

0,042894109

0,026

0,0453878

0,847342768

0,31581232

0,31581232

0,847342768

0,0453878

0,027

0,04795585

0,840958793

0,31757298

0,31757298

0,840958793

0,047955847

0,028

0,05060084

0,834497216

0,31929267

0,31929267

0,834497216

0,050600837

0,029

0,05332555

0,827954608

0,32097396

0,32097396

0,827954608

0,053325549

0,03

0,05613297

0,821327365

0,32261916

0,32261916

0,821327365

0,056132969

0,031

0,0590263

0,814611736

0,32423036

0,32423036

0,814611736

0,059026296

0,032

0,06200896

0,807803824

0,32580948

0,32580948

0,807803824

0,062008958

0,033

0,06508467

0,800899401

0,32735826

0,32735826

0,800899401

0,065084669

0,034

0,06825743

0,79389401

0,32887833

0,32887833

0,79389401

0,068257426

0,035

0,07153153

0,786782986

0,33037114

0,33037114

0,786782986

0,071531529

0,036

0,07491167

0,779561189

0,33183807

0,33183807

0,779561189

0,074911667

0,037

0,0784029

0,772223232

0,33328038

0,33328038

0,772223232

0,078402897

0,038

0,08201073

0,76476326

0,33469922

0,33469922

0,76476326

0,082010729

0,039

0,08574119

0,757174889

0,33609567

0,33609567

0,757174889

0,085741189

0,04

0,08960085

0,749451248

0,33747076

0,33747076

0,749451248

0,089600847

0,041

0,09359691

0,741584861

0,3388254

0,3388254

0,741584861

0,09359691

0,042

0,09773734

0,733567442

0,34016047

0,34016047

0,733567442

0,097737337

0,043

0,10203089

0,72539001

0,3414768

0,3414768

0,72539001

0,102030889

0,044

0,10648731

0,717042545

0,34277514

0,34277514

0,717042545

0,10648731

0,045

0,11111746

0,708513933

0,34405622

0,34405622

0,708513933

0,111117459

0,046

0,11593348

0,69979182

0,3453207

0,3453207

0,69979182

0,115933479

0,047

0,12094906

0,690862284

0,34656923

0,34656923

0,690862284

0,120949059

0,048

0,12617969

0,681709629

0,34780239

0,34780239

0,681709629

0,126179689

0,049

0,13164304

0,672315974

0,34902076

0,34902076

0,672315974

0,13164304

0,05

0,1373594

0,66266083

0,35022486

0,35022486

0,66266083

0,137359399

0,051

0,14335225

0,652720536

0,35141519

0,35141519

0,652720536

0,14335225

0,052

0,14964905

0,642467436

0,35259224

0,35259224

0,642467436

0,149649049

0,053

0,15628219

0,631868985

0,35375645

0,35375645

0,631868985

0,15628219

0,054

0,16329044

0,620886217

0,35490825

0,35490825

0,620886217

0,163290439

0,055

0,17072073

0,609472057

0,35604805

0,35604805

0,609472057

0,170720729

0,056

0,17863092

0,597568472

0,35717622

0,35717622

0,597568472

0,178630919

0,057

0,18709365

0,585102678

0,35829315

0,35829315

0,585102678

0,18709365

0,058

0,19620235

0,571981084

0,35939917

0,35939917

0,571981084

0,196202349

0,059

0,20608062

0,558079951

0,36049461

0,36049461

0,558079951

0,20608062

0,06

0,21689807

0,543229523

0,36157981

0,36157981

0,543229523

0,21689807

0,061

0,22889867

0,527185692

0,36265506

0,36265506

0,527185692

0,22889867

0,062

0,24245663

0,509574115

0,36372064

0,36372064

0,509574115

0,24245663

0,063

0,25820178

0,489764827

0,36477684

0,36477684

0,489764827

0,25820178

0,064

0,27736307

0,46652875

0,36582392

0,36582392

0,46652875

0,27736307

0,065

0,30312399

0,436682271

0,36686213

0,36686213

0,436682271

0,30312399

0,066

0,36789171

0,367891709

0,36789171

0,36789171

0,367891709

0,36789171

0,067

0,36891291

0,368912898

0,36891291

0,36891291

0,368912898

0,36891291

0,068

0,36992593

0,36992593

0,36992593

0,36992593

0,36992593

0,36992593

0,069

0,37093101

0,370930992

0,37093101

0,37093101

0,370930992

0,37093101
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0,07 0,37192833 0,371928315 0,37192833 0,37192833 0,371928315 0,37192833
0,071 0,3729181 0,372918086  0,3729181 0,3729181 0,372918086 0,3729181
0,072 0,37390051 0,373900493 0,37390051 0,37390051 0,373900493  0,37390051
0,073 0,37487574 0,374875723 0,37487574 0,37487574 0,374875723  0,37487574
0,074 0,37584396 0,375843957 0,37584396 0,37584396 0,375843957  0,37584396
0,075 0,37680536 0,376805345 0,37680536 0,37680536 0,376805345 0,37680536
0,076 0,37776008 0,377760073 0,37776008 0,37776008 0,377760073  0,37776008
0,077 0,37870829 0,378708285 0,37870829 0,37870829 0,378708285 0,37870829
0,078 0,37965014 0,379650137 0,37965014 0,37965014 0,379650137  0,37965014
0,079 0,38058578 0,380585771 0,38058578 0,38058578 0,380585771  0,38058578

0,08 0,38151534 0,381515339 0,38151534 0,38151534 0,381515339  0,38151534
0,081 0,38243897 0,382438966 0,38243897 0,38243897 0,382438966  0,38243897
0,082 0,3833568 0,383356785 0,3833568 0,3833568 0,383356785 0,383356799
0,083 0,38426895 0,384268932 0,38426895 0,38426895 0,384268932 0,384268949
0,084 0,38517554 0,385175534 0,38517554 0,38517554 0,385175534  0,38517554
0,085 0,3860767 0,386076699  0,3860767 0,3860767 0,386076699 0,3860767
0,086 0,38697255 0,38697254 0,38697255 0,38697255 0,38697254  0,38697255
0,087 0,38786319 0,387863181 0,38786319 0,38786319 0,387863181 0,387863189
0,088 0,38874873 0,388748726 0,38874873 0,38874873 0,388748726  0,38874873
0,089 0,38962928 0,389629279 0,38962928 0,38962928 0,389629279  0,38962928

0,09 0,39050495 0,390504932 0,39050495 0,39050495 0,390504932 0,390504949
0,091 0,39137582 0,391375803 0,39137582 0,39137582 0,391375803 0,391375819
0,092 0,39224199 0,392241983 0,39224199 0,39224199 0,392241983  0,39224199
0,093 0,39310356 0,393103558 0,39310356 0,39310356 0,393103558 0,39310356
0,094 0,39396063 0,393960611 0,39396063 0,39396063 0,393960611 0,393960629
0,095 0,39481326 0,394813254 0,39481326 0,39481326 0,394813254  0,39481326
0,096 0,39566156 0,39566155 0,39566156 0,39566156  0,39566155 0,395661559
0,097 0,3965056 0,396505594  0,3965056 0,3965056 0,396505594 0,3965056
0,098 0,39734547 0,397345456 0,39734547 0,39734547 0,397345456 0,397345469
0,099 0,39818124 0,398181223 0,39818124 0,39818124 0,398181223 0,398181239

0,1 0,39901298 0,399012977 0,39901298 0,39901298 0,399012977  0,39901298
Priloha 3

Tabulka prisecikti pro zaklady od 1,01 do 1,44 po setinach

a

X1

X2

1,01

1,01010153

651,10033535

1,02

1,02041239

285,53631460

1,03

1,03094250

174,66423051

1,04

1,04170242

122,61505221

1,05

1,05270346

92,87152856

1,06

1,06395773

73,82489459

1,07

1,07547821

60,68170706

1,08

1,08727886

51,11873495
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1,09 1,09937472  43,87970538
1,10 1,11178202  38,22873286
1,11 1,12451828  33,70756893
1,12 1,13760253  30,01670932
1,13 1,15105541  26,95256241
1,14 1,16489942  24,37215691
1,15 1,17915912  22,17230050
1,16 1,19386139  20,27674567
1,17 1,20903576  18,62799993
1,18 1,22471478  17,18193703
1,19 1,24093440  15,90415533
1,20 1,25773455  14,76745839
1,21  1,27515966  13,75007532
1,22 1,29325948  12,83438020
1,23 1,31208989  12,00595480
1,24 1,33171401  11,25289232
1,25 1,35220352  10,56527264
1,26 1,37364031 9,93476183
1,27  1,39611857 9,35430257
1,28 1,41974737 8,81787202
1,29 1,44465413 8,32029006
1,30 1,47098897 7,85706536
1,31 1,49893065 7,42426993
1,32 1,52869452 7,01843472
1,33 1,56054347 6,63646035
1,34 1,59480349 6,27553751
1,35 1,63188627 5,93307176
1,36 1,67232320 5,60660587
1,37 1,71681863 5,29373035
1,38  1,76633738 4,99196554
1,39 1,82225799 4,69858288
1,40 1,88666331 4,41029280
1,41 1,96295583 4,12261106
1,42 2,05738817 3,82831274
1,43 2,18402923 3,51245272
1,44 2,39381175 3,12330672
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Priloha 4

Tabulka priisecikt pro zaklady od 1,4401 do 1,4446

a

x1

x2

1,4401

2,39696266

3,11840946

1,4402

2,40015511

3,11347158

1,4403

2,40339052

3,10849165

1,4404

2,40667039

3,10346816

1,4405

2,40999633

3,09839952

1,4406

2,41337003

3,09328403

1,4407

2,41679330

3,08811988

1,4408

2,42026803

3,08290517

1,4409

2,42379628

3,07763785

1,4410

2,42738022

3,07231576

1,4411

2,43102218

3,06693655

1,4412

2,43472464

3,06149774

1,4413

2,43849028

3,05599666

1,4414

2,44232197

3,05043043

1,4415

2,44622281

3,04479596

1,4416

2,45019614

3,03908991

1,4417

2,45424557

3,03330864

1,4418

2,45837504

3,02744825

1,4419

2,46258882

3,02150445

1,4420

2,46689157

3,01547258

1,4421

2,47128839

3,00934753

1,4422

2,47578491

3,00312369

1,4423

2,48038730

2,99679487

1,4424

2,48510242

2,99035423

1,4425

2,48993787

2,98379414

1,4426

2,49490217

2,97710610

1,4427

2,50000487

2,97028057

1,4428

2,50525676

2,96330674

1,4429

2,51067007

2,95617238

1,4430

2,51625884

2,94886346

1,4431

2,52203921

2,94136382

1,4432

2,52802996

2,93365470

1,4433

2,53425315

2,92571403

1,4434

2,54073495

2,91751564

1,4435

2,54750681

2,90902809

1,4436

2,55460710

2,90021299

1,4437

2,56208343

2,89102275

1,4438

2,56999610

2,88139705

1,4439

2,57842343

2,87125758

1,4440

2,58747029

2,86049947
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1,4441

2,59728275

2,84897664

1,4442

2,60807505

2,83647486

1,4443

2,62018468

2,82265664

1,4444

2,63420266

2,80693094

1,4445

2,65136326

2,78806352

1,4446

2,67541336

2,76230748
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Abstract

We consider the curves y = a* and y = log, x and their intersecting
points for various bases a. Although this problem belongs to the elementary
calculus, it turns out that the problem of determining number of these points,
for a € {0, 1), iz overlocked, so far. We prove that this number can be 0,1, 2
or, even, 3, depending on the base a.

Keywords: exponential function, inflection, stationary point, homeomorphism

MEC: 26A06, 26A09.

1. Introduction
We consider the problem of determining the number of intersecting points of the

graphs of the funetions f(z) = a® and g(z) = log, x depending on the base a.
This problem is reduced to the study of solutions of the system

zﬂz
{y (1.1)
y=Ilog,x

which is equivalent to the equation
a’ =log,x (1.2)

depending on a, a € B+ {1}.
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Although this problem belongs to the elementary caleulus, usually, it was not
considered in sufficient detail in the calculus courses on universities worldwide.
Moreover, students of mathematics and many professional mathematicians are
likely to think that these curves do not intersect, for @ > 1, and meet at only
one point, for a € {0, 1}. This impression is caused by many caleulus books, math
teachers or professors who usually take nice bases a = 2, e, 10.. as standard exam-
ples for the exponential and logarithmic curves. However, in [1]| and [2]| can be
found a solution of this problem for a > 1. However, for a € (0,1}, in [1] can be
found an incorrect claim (Proposition 1) that the graphs y = a® and y = log, =
always meet at only one point. The author’s conclusion seems correct at the firse
glance. Indeed, if we considered these curves for some standard bases %, e l...orif
we try to make a sketch of the graphs of the functions f (z) = a* and g (z) = log, =,
a € (0,1}, the inference, suggested by the picture, would be the same. Unexpect-
edly, this is not the case. Counterexample which was a motivation for this work is
the base a = 1% Namely, it holds

This means that {% %) and (i %
glz)= 10&’..115 zand f(z)= (I_tﬂ}? Since the both curves must meet the line y = =

are common points of the graphs of the functions

at the same point we infer that there are (at least) 3 intersecting points.
The main goal of this paper is to prove:

Theorem 1.1. The equation (1.2):
has no solutions, provided a € {{e. +o00) |
has exactly one solution, provided a € [X,1) U { €},
has eractly two solutions, provided a € (1, J/€),

has eractly three solutions, provided a € (0, Plc}

In order to eliminate any intuitive concluding and to aveid any possible am-
biguity and incorrect inferences, which a shallow considering of the graphs might
cause, we will conduct the proof of this theorem very strictly (in the mathematical
sense}. A necessary mathematical tool needed for the proof belongs to elementary
caleulus and to topology. We will split the proof of the theorem into two separate
cases: @ > | and a < 1. In the both cases we need the following corollary which is
an immediate consequence of the Intermediate value theorem and some elementary
facts of mathematical analysis (see e.g. [3]).

Corollary 1.2. Letu: [r,d] —+ R be a continuous function such that u () u (d) < 0.
{i) If u(c)u(d) <0, then u has at least one zero xo € (e, ).

(ii) If u is a stricily monotonic function, then u has exactly one zero xg € [e,d].
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Hereinafrer, for a real funetion which is given by a formula we understand that
the function domain is the ({maximal) natural domain of that formula.

We will consider two (in)equations to be equivalent provided their solution sets
coincide,

2. The casea > 1

The proof of this case can be given as an assignment to students of mathemartics in
some elementary courses. It is based on the following, several, auxiliary lemmata
whose proofes we leave to the reader. Acctually, proving of these claims could be
a good exercise for students in higher classes of a secondary school, providing they
have sufficently ambitious math teacher.

Lemma 2.1. If (xy,yp) is o salution of the system (1.1), fora = 1, then z9 = .
Lemma 2.2, [fa > 1, the equation (1.2) is equivalent to the equation

=T, (2.1)
and thus, the solution sets of (L.2) and (2.1) coincide with the set of zeros of the
function y,(z) =a® — .

Lemma 2.3, Ifa > 1, the function y, is continuously differentiable. It is strictly
decreasing on the interval (—oc, ]Tf—ﬂln{ﬁ)) while it is strictly increasing on the
i?}-é‘f:r"ua!' {ﬁinfﬁ} +oc). It reaches the global minimum at the point x5 =
T Mmg)-
Lemma 2.4, Let a = 1. Then the equation (1.2) has: no zeros if and only if
YalTh) > 0; a unique zero if and only if ya(x3) = 0; evactly two zeros if and only
if ya(zh) <0

Let us interpret the previous result in term of the base a, L.e., how does a value
Yo k) depend on a. Since the procedure is the same for all cases, it is sufficient
to consider the case y,(x}) < 0. This is equivalent to a™ < xj, which means

awa "ws) < ! ln( ! )

Ina \lna

Now, one obtains, in several steps, the following mutually equivalent inequalities

1 1 | | 1 1 1
E In (E) Ina < In (E In (E)) = In (m) < In (E In (E))
1 1 1 1 i3 =
E{mhl(m)#l{m(m)ﬁlnﬂ{e < e 5
Thus, the equation (1.2) has: exactly two solutions whenever a £ (1, /¢) . exactly

one solution whenever @ = /¢ (the solution is g = €), no solutions whenever
a € (e, +o0).
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Example 2.5.

{a]u=%y=ar,y=legﬂ.r (bYa=Fey=a",y=log_ =

3. Thecase 0 < a< 1

Unlike the previous case, the proof of this case is rather nontrivial. In order to
make this proof easier to follow, we will split it into nine simpler claims.

Lemma 3.1. Let 0 < a < 1. then the curve y = a* (y = log, &) and the line
v =1 meet at a single point (£a,8a), Lo € (0,1}, The point £, is the solution of the
equation (1.2). The function ¢ @ (0,1) — (0,1}, € (a) = ., which assigns the point
&, to each base a, is an increasing homeomaorphism whose inverse is given by the
rule az = (1 () = .g%,

Proof. Let A be the real function given by A(r) = a®* —x, foreverv 0 < a < 1.
Since A(0) = 1 and A (1) < 0, we may apply Corollary 1.2 on the funetion A to infer
that the curve y = a® intersects the line y = x. Tt remains to prove that they meet

at exactly one point. Suppose that (£,.£ = at) and (E'. £ = asr) are two different

intersection points. There is no loss of generality in assuming £ < £'. Since the
function o is strictly decreasing (a < 1) it follows that a® = { > (' = a¥', which is
an obvious contradiction.

Given an x € (0, 1) . it is clear that, for a = .r%, it holds a* = z. By examining

S . 1 . o . 1 =
limits lim =7 =0, lim =% = l.and the first derivative y' = r7 =22 of the function

0+ r—+1 T
0, =1,
ylxr) = { 1

#=;, D=<a<l,
one infers that it is a strictly increasing mapping on the interval [0, 1] and it maps
the interval [0, 1] onto itself. Therefore, it is a homeomorphism and its inverse
restricted to the interval {0, 1) is the function ¢ : (0,1) — (0,1}, { (a) = £,. exactly
as asserted. O

Lemma 3.2, If0 < a < 1, the solufion set of the equation (1.2) is a nonempty
subset of the interval (0, 1), If that sct is finite, then its cardinality is odd.
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Proof. Let 0 < a < 1. Then, obwiously, since the equation (1.2) is defined only for
x > 0, it has no selution on the interval (—oo,0]. Further, it holds that a* = 0,
log, = < 0, for every x £ [1,+cc). Therefore, the equation (1.2) has no solution
on the interval [1, +o0). Consequently, by Lemma 3.1, the solution set of (1.2) is a
nonempty subset of the interval {(0,1). Let us assume that (xo,yo), To # yo, is an
intersection point of the curves y = a® and y = log, x. Then, since these curves are
mutually symmetric regarding the line y = x, they also meet at the point (yo, xn).
Therefore, if there are only finitely many intersecting points of these curves, the
number of those points which do not belong to the line y = = is even. Now the
statement follows by Lemma 3.1, O

Lemma 3.3. If0 < a < 1, the solution set of the equation (1.2) coincides with the
solution set of the equation

a® ==z, (3.1)
i.e., it coincides with the set of zeros of the real function Hy(z) = a® — .

Proof. Notice that there are no solution of (3.1) outside of the domam (0, o) of
the equation (1.2). Because of the injectivity of the exponential function, it is clear
that (1.2) is equivalent to (3.1). |

Let us examine the functions Hy(x) = a®" — z and walz) = a®” which are,
obwiously, both continuously differentiable.

Lemma 3.4. Let 0 < a < 1. The function p, is strictly increasing, and the lines
y=1and y =0 are its horizontal asymptotes (from the right side and left side,
respectively ). The functions @, and H, are conver on the interval {(—oc, Ta), and
the both are concave on the interval (Ta,00), where

T, =log, log, et

is the common inflection point satisfying £.(T.) = =k

Proof. Since 0 < a < 1, it holds that lim ¢® =a”=1and Lm a* =a™ =0.

[ IR, F—3 —00
Hence, the lines y = 1| and y = 0 are horizontal asymptotes of the function o,
mdeed.
Since, @l (z) = a® a*In’a > 0, for every = € R,it follows that ¢, is strictly
increasing. Further,

H'(z) = ¢(z) = a" a*(In®a)a” I’ a +a® a"In’a =

=gl(z)=a" PIna(a"ma+1).

=0 <0
Therefore, H (x) =0 (¢f(x) =0) if and only if a*Ina 4+ 1 = 0. Consequently,
ik 1 = oy glngnlngﬂ a1 _ =,
Ia—mln(m}—logulogue and w,(T:) =a =e

Now, it is trivial to check that H (z) = ¢ (z) = 0, for every = € (—o0,T,) and
H!(z) =%z} <0, for every z € (T,.2c), which completes the proof. [ |
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In the figures below, the graphs of the functions y,; and H,, for several bases a,
0 < a < 1, are shown. In order to emphasize the mflection (Tme_]) and solutions
of the equation (3.1}, the graph of the function ¢, is presented along with the lines
y=zand y=¢c 1,
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Lemma 3.5. If0 < a < 1 the function H, has at mosi two stationary points in
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the interval (0,1}, i.e., the equation
Hi(z)=0

has 0, 1 or 2 solutions in the interval(0,1). If a < e~ ', H, has af most two
stationary points, while if a > e, H, has at most one stationary point.
Proof. First,

H.(x)=0if and only if a™ a"In"a — 1 =0.

Thus,
= 1 1 1
e if and only ifa® +r = —1In ;
i e if and only if a T Inr I:Tin a}
We need to determine the number of solutions of the equation
6% + &= = ln{—z—l | (3.2)
 Ina ‘In*a’ i

on the interval {0,1}. Given an 0} < a < 1, let us define the real function u, by
uy(r) = a® 4+ z. It holds ul(z) = a®Ina + 1. Now, one can easily verify that
uy, (T,) = 0, and conclude that the function u, is strictly increasing on the interval
{Ta,o0) and that it is strictly decreasing on the interval (—oo,T,). Notice that

T, >0 (T: < 0) i.fandordyifﬂ-:e_] [ﬂ}{‘_l}
and that T, = 0 for a = ¢~ 1.

minimum at T, and that

We infer that the function w, reaches its global

Ua(Ty) = 074 + T, = @BaloBac™ |5 = 1z,
lna

Hence, for a = e~ (T, = 0), we have u(T,) = 1.

Now, we infer that the number of intersection points of the curve y = u, (x) , for
z & (0,1}, and the line y = ﬁ ln{F’E—u) coincide with the number of solution of
the equation (3.2) in the interval (0,1). Thus, by assuming a = e~ !, we obtain
the strict monotonicity of the restriction of function u, to the interval (0, 1), which
implies that there are only 0 or | intersection points. Suppose that a < e~
Then, since the function u, is strictly decreasing on the interval (0, %,] and strictly
increasing on the interval [T,, 1), there are 0, 1 or 2 intersection points. O

Lemma 3.6. [f0 < a < 1. the cquation (1.2) has either one or three solutions.

Proof. 1If we assume that (1.2) has infinitely many solutions, then, by Lemmata 3.2
and 3.3, the function H, has infinitely many zeros in the interval (0. 1). Now, hy
applving Rolle's theorem, one infers that H,; has infinitely many stationary points
in {0, 1} which contradicts Lemma 3.5. Therefore, by Lemma 3.2, the number of
solutions of the equation (1.2) is finite and odd. That number cannot exceed 3
because, by Rolle’s theorem, in such a case the function H, would have at least
four stationary points in (0. 1) which is, according to Lemma 3.5, impossible. O
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Lemma 3.7. Let 0 < a < 1. If the equation (1.2) has three solutions, then it holds
a-<e ",

Proof. If the equation (1.2) has 3 solutions then, by Lemmata 3.2, 3.3 and Rolle's
theorem. the function H, has at least two stationary points in (0, 1). Now, by
Lemma 3.5, it follows that there are exactly two stationary points of the function
H, in {0,1). It implies that the equation {3.2) has two solutions in (0,1} and
a < ¢~ ', Consequently, for z £ (0,1}, the line y = ﬁ ln{l—?;:—) meets the curve

n-a
y = uqlx) at exactly two points, which is equivalent to

U (T,) < —111( i ) <1, ae(0,e). (3.3)

In“a

We propose to find solutions of this system of inequalities, i.e., to solve the system
(3.3) in the terms of a. Ler us put

t=——. (3.4)

Notice that this substitution defines a bijective correspondence between a € (0. e~ ')
and t £ {0, 1). The replacement with ¢ in (3.3) yields the system

t—thnt<—tlme2 <1, te(0,1), (3.5)

which we need to solve in terms of . Now, from the first inequality ¢t — ¢Int <
—tInt?, one obtains the following, mutually equivalent, inequalities

t<—tlntes t(1+nt) <0 14+hnt<0st<e L

Now, by (3.4), one infers that —ﬁ < & ! which is equivalent to Ina < —e. It

follows that a < €™, which means that the solutions of the first inequality of the
system (3.3) are all a £ (0,e7°).
Further, the second inequality —tInt? < 1 of the system (3.5) is equivalent to

1

—tInt < 3 (3.6)
which is fulfilled for every ¢ £ (0,1). Indeed, by examining the function w(t) =
—tInt and its derivative w'(f) = —Int — 1, one can straightforwardly verify that
w reaches the global maximum at the point ty = ¢~ !. Therefore, u-'[e"] =e !z
% implies (3.6), for every t € (0.1). Consequently, the solutions of the second
inequality of the system (3.3) are all a € (0,e~!). Finally, the solution of the
system (3.3) is the interval

(0,67 = (0,e =Y (D, e ). O

Lemma 3.8. For every a € [e~5,1), the equation (1.2) has o unigue solufion.
Especially, for a = e™¢ the solution is e~1.
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Proof. By Lemma 3.6 and 3.7, it follows that, for ¢ = e %, (1.2) has only one
solution. According to Lemma 3.1, that solution is the point £, such that a =

e

£: = log, &, Especially, for @ = €%, it holds {; = e7'. Indeed, (e7®)" =
d

(e ) = e L, O

Lemma 3.9. Ifa (0,7 %), then the equation (1.2) has eractly three solutions.

Proof. According to Lemma 3.6, for every a € (), e™} the equation (1.2) has 1 or

3 solutions. Let us prove that the value of an inflection point T, of the function

H, and y, ranges from 0 to e 1, for every a € {0, e *). By using L'Hospital’s rule,
one easily evaluates the following limits:

1

In( =2 A —In(a 1 4
AL v [ ] P i ) = e
a—0+ a0+ Ina — 00 a— 0+ = a0t lna
1 —1 |
Im T, =—In— =—.
a—e—¢t —Ee —Ee -

We are claming that the function v : {(0.e7%) = R,

v(a) =Tz = Lln(_—l ’
Ina Ina

is an increasing mapping. Indeed, from its first derivative

i -1 - in(—ﬁ
o aln’a

one infers that

1
: 0 fandonlyif —1-In{— 0,
i(a) = if and only i n( h_m)::»

which is equivalent to

gl —i# Ina < —e<a<e .
Ina
Hence, ¢'(a) = 0, for every a € {0,e7%). It follows that the function » is an
increasing and bijective mapping onto its image v ((0,e %)) = (D1€‘1}. Conse-
quently, T, < e !, for every a € {0,e7"). Now, by Lemma 3.4, it follows that
To < P lTa) = e~ ! which implies that H, (T,) > 0, for every a £ (0,7}, On the
other hand, it holds

Hill)=pa(l)—1=a"-1<(L
Therefore, by Corollary 1.2 and Lemma 3.3, there exists a solution z; of the equa-

tion (1.2). a € (0,e" "), such that =y € (T, 1). We propose to show that, beside
T1, there exists another solution g of (1.2), a € (0,e%), such that =y < T,. It
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is sufficient to show that £, < T,. First notice that £, < et Indeed, since the
function ¢ : (0,1) — {0,1) is an increasing bijection, and
1
¢ ) = ()T =,
by Lemma 3.1, it follows that £ ({0,e7 %)) = (ﬂ,e_l}. Now, from afs = £, < % it
follows that

log, a®* = ¢, =a‘ >log, e,

which implies that
1

= Ta.

log, ats = ¢, < log, log, e

Hence, if a £ (0,e7*), the equation (1.2) has two different solutions x; and £,.
Therefore, by Lemma 3.6, (1.2) has exactly three solutions, [l

Remark 3.10, Notice that the point (£,,£,) is the common intersection point of
the curves y = wu (), y = a* and y = log, r. It is interesting to consider what is
happening with the inflection point (F., 1) of p. and with the intersection point
(£4.£,) . and how T, is related to the £, and other solutions of (1.2), depending
on a hase a € {0, 1), By the proof of Lemma 3.9, it is clear that, for a € (0,e7%),

there exist three different solutions zs. £, and x4 of (1.2), such that
In <& <Ty < 11.

By Lemma 3.1 and by the proof of Lemma 3.9, it follows that, while a ranges from

0to %, T,; and £&; tents from 0 to % For a = ¢7%, all the solutions and inflection

merge into one point. Namely, £, = T, = % is the unique solution of (1.2), while
: . : : : : R : 11y«

the inflection point and intersection point coincide with the point (2, 2). “After

that”, for o > e ¢, they separate and T, moves to the left and £, moves to the

right.
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Figure 5; y=:r,y=£__-y=gﬂul{;r},a=e_ = H,E'

If a ranges from e * to 1, since w : {75, 1) — (—-:m,e_j} wia) = Ta =
_1

ﬁ In(—), is a decreasing bijective mapping, it follows that w(a) = T, tends
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from 1

to —oo and the unique solution £, of (1.2), by Lemma 3.1, tends from
et to 1.
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Figure 6: y=az,y =1,y = ga (z),a=e 1,7, e

In the figures below an initial problem (1.1) is visualized for the bases a =
0.3, £,0.001.
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Figure 8: a = z y=a",y =log, =
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Figure 9: a = 0001 y=a",y=1log, =

The problem considered in this paper motivate us to study the equation

a® =log, ,

for a,b e (0, o)\ {1} and to state the following problem:

Problem. Determine the number of all intersecting points of the curves y = log,

and y = a* depending on bases a and b,
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